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Abstract 

It is found that the amphoteric refraction, i.e. the refraction can be either positive or negative 
depending on the incident angles, could occur at a planar interface associated with a uniaxially 
anisotropic positive index media (PIM) or an anisotropic negative index media (NIM). Particu- 
larly, the anomalous negative refraction can occur at a planar interface from an isotropic PIM 
to an anisotropic PIM, whereas the anomalous positive refraction occurs at the interface from an 
isotropic PIM to an anisotropic NIM. The optimal conditions to yield the two unusual refractions 
are obtained. The difference of the two types of amphoteric refraction is discussed. 

PACS numbers: 78.20.Ci, 41.20.Jb, 42.25.Gy 



*Author to whom correspondence should be addressed. E-mail: hailuluo@163.com 
^Author to whom correspondence should be addressed. E-mail: huwei@scnu.edu.cn 



1 



I. INTRODUCTION 



The material with negative index of refraction, also known as left-handed media , first 
introduced by Veselago in 1968 [l], has recently received much more attention in literature. 
Experimentally, an artificial composite media, meta-material, which has negative index of 
refraction in the microwave regime, has been built and measured . Theoretically, the 
perfect lens, which can realize sub-wavelength focusing, was first proposed by Pendry [4]. 
Although some arguments have been evoked on the concepts of negative refractive index and 
the perfect ,n S bcteflflflQ, the £ h_n of — refracts haS been exa min e d 



and confirmed by many researchers 



plienomenon or negative 
Alio, I!, 12, 13,0, l3- 



Negative refraction, in which the tangential component of the Poynting vector changes 
sign when light refracted, is one of the dramatic properties of the left-handed media. It 
occurs at the interface between a normal positive index media (PIM), where the electric 
permittivity e and magnetic permeability /i are both positive, and a negative index media 
(NIM), where e and [i are both negative It was also found recently that negative refraction 



can occur in some other media. Negative refraction in photonic crysta 



without negative 



effective index of refraction has been reported |l6l. Il7 |. Lindell et al |18( have shown that 
negative refraction can occur at an interface associated with a uniaxially anisotropic media, 
where only one of the four parameters of e and fi tensors are negative. Recently, Zhang et 
al have demonstrated that an amphoteric refraction, i.e. the refraction can be either 
positive or negative depending on the incident angles, may prevail at the interface between 
two anisotropic PIM when their optical axes are in different directions. Further, Liu et 
have pointed out that the amphoteric refraction, as well as the omnidirectional total 
transmission, can occur at a planar interfaces associated with a uniaxial media. 

Here we investigate the amphoteric refraction characteristics of extraordinary light at 
the planar interface associated with an anisotropic positive index media or an anisotropic 
negative index media. It is found that the anomalous negative refraction can occur at a 
planar interface from an isotropic PIM to an anisotropic PIM, while the anomalous positive 
refraction occurs at the interface from an isotropic PIM to an anisotropic NIM. Relying on 
dispersion equation, the optimal optical axis angle and the strongest anomalous refraction 
angle are obtained. It is noted that for a strong anisotropy media, the maximum incident 
angle yields the anomalous refraction could be very large. The difference of amphoteric 
refraction associated with anisotropic PIM and with anisotropic NIM is also discussed. 
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II. AMPHOTERIC REFRACTION OF LIGHT 



The negative refraction at an interface associated with uniaxially anisotropic media, where 
some of the four parameters of e and fi tensors are negative, has been generally discussed 
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22]. However, in those literature, the optical axis of uniaxial NIM was assumed to 
be normal or parallel to the interface. Here we assume that there is an angle tp between 
the optical axis and the planar interface. It is the necessary condition for the amphoteric 
refraction. 

We consider the propagation of a planar wave of frequency u as E = E e* k ' r_4a; ' and 
H = H e lk r_JaJ ', through an isotropic PIM toward an uniaxially anisotropic media. For 
the nonmagnetic isotropic PIM, the relative permittivity and permeability are both scalars, 
i.e. ej and /i/. For the convenience and without loss of generality, we assume that the 
permeability of uniaxially anisotropic media is isotropic, whereas the relative permittivity 
is a second-rank tensor, given in principal coordinates as 



' e_L ^ 
e± 

V o o £|l , 



(i) 



We assume that e±,e\\ > and \i > for the anisotropic PIM, and ej_,e|| < and ji < 
for the anisotropic NIM, in which both ordinary and extraordinary indices are negative. As 
shown in Fig.l, we also assume that all the wave vectors and the optical axis are in the x — z 
planar, where the interface is the x — y plane at z = 0. The isotropic media is on the left 
hand side of interface, while the anisotropic media on the right hand side. We refer to the 
angle of the optical axis, tp, as the angle between the optical axis of anisotropic media and 
the x direction. 

When dealing with an extraordinary plane wave, polarized along x direction, one have 
E y = H x — H z — 0. The iso- frequency surface of the wave vector k t for transmitted 
wave is an ellipse described by the dispersion relation. It is worth pointing out that for an 
extraordinary wave the time- averaged Poynting vector for the transmitted wave S t , which 
defines the actual direction of the energy flow of the extraordinary light, is normal to the 
tangential surface of the wave vector ellipse at point k t . 

The dispersion relation for extraordinary wave in uniaxial media can be easily obtained by 
solving Maxwell's equations for plane waves in the principal coordinates [23] with a rotation 
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FIG. 1: The mechanisms for the amphoteric refractions, (a) The negative refraction from an 
isotropic PIM to an anisotropic PIM. (b) The positive refraction from an isotropic PIM to an 
anisotropic NIM. The iso-frequency wave-vector surfaces for the isotropic media (left) and the 
anisotropic media (right) are circle and ellipse, respectively. The incident and transmitted wave 
vectors kj and kf are indicated by the solid arrow, whereas the energy flows Sj and St are indicated 
by dashed arrows. The k x components should be continuous across the interface, and the vector 
St is normal to the tangential surface of the iso-frequency wave- vector ellipse at the point k^. 



of coordinates on y-axis, as 



ak\ x + (3kl z + <yk tx k 



tz n~) 
& 



(2) 



where k tx and k tz represent the x and z components of transmitted wave vector k t and a, (3 
and 7 are given by 

1 



a 



(e_i_ sin (p + en cos ip) 



f3 = (e_i_ cos 2 (p + e || sin 2 ip) 

e ± e||/i 

7 = (e_i_ sin2<yj — ey sin 299). 

e ± e||/i 

The z-compnent of the wave vector can be found by the solution of Eq.(j2]), i.e. 

k tz 



1 



ad( 1 -4aP)kl + A(3—- 1 2 k, 



tx 



(3) 



Here a — 1 for PIM and a = — 1 for NIM . This choice of sign ensures that light power 
propagates away from the surface to the +z direction. 



We now determine the angle of refraction. The incident angle of light in the isotropic PIM 
is 6i = tan" 1 (ki X / ki Z ) , and the refractive angle of the transmitted wave vector in anisotropic 
media can be found by 9 r = tan" 1 (k tx / k tz ) . From the boundary conditions at the interface 
z = 0, the tangential components of the wave vectors must be continuous, i.e. k tx = k ix . 
Based on Eq.fjHJ) and the boundary conditions, one can obtain 



9 r = tan 



2/3 v / e7sin 6i 



(4) 



7 V / e7sin0 i - o\/(l 2 - 4a/3)e/sin 2 ^ + A/3 

It is well know that the actual propagation direction of an extraordinary light in an 
anisotropic media differs from the direction of its wave vector. In the following of this paper, 
the direction of an extraordinary light is defined based on the time-averaged Poynting vector 
S = |Re(E* x H), named as ray refractive angle. This ray refractive angle is given by 



A- 



tan 



-i 



Stx 
Stz 



(5) 



For monochromatic extraordinary wave, it can be simplified as j3 r = tan~ 1 (—Et z /E tx ). The 
x and z components of the electric field E 4 for transmitted wave can be derived from the 
equation V ■ D = associated with a rotation of coordinates, i.e. 



e±(k tx cos ip - k tz sin ip) (E tx cos ip - E tz sin ip) 
+eii (k tx sin cp + k tz cos tp) (E tx sin ip + E tz cos p) = 0. 



(6) 



Based on Eq.(J2J), ©, ©, and the boundary continuous conditions, one can derive the 
equation for the ray refractive angle of extraordinary light, 

'(Aa/3 - 7 2 )^7sin0i + aj^/^ 2 - 4a/3)e z sin 2 9i + Af3 



j3 r = tan 1 



(7) 



2cr0 Vil 2 ~ 4a/3)e/ sin 2 Q { + A/3 
Due to the uniaxial anisotropy, the time-averaged Poynting vector S t and the wave vector 
k t are in different directions. There is a bending angle between them. Because of the bending 
angle, for some incident wave the negative refraction can occurs in anisotropic PIM, while 
the positive refraction can occurs in anisotropic NIM. 

At the interface, there are two conditions that the light refraction has to obey. The first 
is the continuous conditions of the tangential components of the wave vectors, i.e. kt x = ki X . 
The second is the energy conservation condition which requests the normal components S tz 
and Si Z must have the same sign. For the anisotropic PIM shown in Fig. la, the normal 
components Stz an d k tz are always in the same sign, so we know that k tz and k iz have the 



same sign too. It yields that the wave vector refraction is always positive. In this case, if 
the tangential components S tx and k tx are in the opposite signs due to the bending angle, it 
leads to a manifestation of the negative refraction. It is noted that the negative refraction 
only occurs in a narrow range of incident angles. 

It is contrary in the anisotropic NIM as shown in Fig. lb. The normal components S tz and 
kt z are in the opposite signs now, then k tz and ki Z have the different signs. So the wave vector 
refraction is always negative. The positive refraction also occurs when St x and kt x have the 
same sign due to the bending angle. Therefore, the amphoteric refractions are determined 
by whether the signs of Stx and k tx are same or opposite. Their physical essential is due to 
the uniaxial anisotropic. For the isotropic media, the Poynting vector St is always parallel 
or anti-parallel with the wave vector k t in PIM or NIM, respectively. The signs of tangential 
components Stx and k tx are always same (positive refraction for PIM) or opposite (negative 
refraction for NIM). There is no amphoteric refraction for isotropic media. 



III. THE REALIZATION OF ANOMALOUS REFRACTIONS 

As an example of amphoteric refraction in anisotropic PIM, the numerical results cal- 
culated for a YVO4 crystal, which has recently been proposed by Zhang et al in their 
experiment , is shown in Fig.2a. The YVO4 crystal is a nonmagnetic uniaxial crystal 
with e_i_ = Uq = 4.07103, e\\ = n 2 e = 5.06614 and \i — 1. For comparison, an anisotropic NIM 
is shown in Fig. 2b, with parameters of e± = —4.07103, en = —5.06614 and \x = — 1. 

In Fig. 2, the ray refractive angle f3 r and the wave-vector refractive angle 9 r are shown 
as the solid and dashed curves, respectively. The negative refraction occurs when curves 
fall in the second or fourth quadrant of the 0, — j3 r plane. One can see in Fig. 2a that 
it is always positive refraction for the wave-vector refractive angle 9 r . Whereas for the 
ray refraction angle /3 r , the incident angle can be divided into three regions: one negative 
refraction (9i/f3 r < 0) and two positive refraction^//?,. > 0). The negative refraction occurs 
in the fourth quadrant of the 9{ — (3 r plane, i.e. < 9i < 9{ C . From Fig.2b, it is contrary 
for anisotropic NIM. It is always negative refraction for the wave-vector refractive angle 9 r 
whereas positive refraction occurs in the third quadrant for 9i c < 9i < 0. 

It is noted that the negative refraction occurs in the fourth quadrant for a YVO4 crystal 
because it is a positive uniaxial crystal, i.e. e± < e\\. Negative refraction should occurs in 
the second quadrant for a negative uniaxial crystal. However, The conditions for yielding 
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FIG. 2: The variations of the ray refractive angle (3 r for energy flow and the transmitted wave 
vector angle 9 r as a function of the incident angle 9%, where (p = it /A. (a) In the anisotropic PIM, 
the anomalous negative refraction (9i//3 r < 0) occurs in region < 9i < 9{ c . (b) In the anisotropic 
NIM, the anomalous positive refraction (9i/f3 r > 0) occurs in region > 9i > 9{ c . The inset figures 
are same as main frames. 
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FIG. 3: (a) The dependence of the particular angle \9i c \ on the optical axis angle ip for several 
typical anisotropic media, (b) The dependence of the maximum bending angle |/3 rc | on the optical 
axis angle cp for several typical anisotropic media, where rj = yje\\/e±_ is the anisotropy parameter. 

anomalous refractions, which refer to negative refraction in an anisotropic PIM and positive 
refraction in an anisotropic NIM in following, can be written uniformly as 

< < 10*1, (8) 
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where 9i c is the particular incident angle when the ray refractive angle (3 r = 0. For both 
anisotropic PIM and anisotropic NIM, 9{ c can be solved from Eq.fjSJ) under the condition 

Stx 



0, i.e. 



0i, 



sin 



— e_i_)/zsin<£>cos<£> 
e/(ej_/i sin 2 cp + ey/i cos 2 <p) 



(9) 



The particular incident angle 9{ C is dependent on the optical axis angle ip, as well as the 
permittivities e_i_ and en, and the permeability /x Under the isotropic limit e±_ = en , one can 
obtain 9i C = 0. It recovers the well-known fact that no negative refraction can be observed 
at the interfaces between two isotopic PIMs, and no positive refraction between an isotropic 
PIM and an isotropic NIM. The dependence of the particular incident angle \9i C \ on the 
optical axis angle <p for several typical uniaxial crystal are shown in Fig.3(a). It can be seen 
when ip = 0° or 90°, the particular incident angle 8i C approaches to zero, which means there 
are no amphoteric refraction to be observed. For most anisotropic media, when <p is about 
45°, \9i C \ has its maximum value. To obtain the maximum of the particular incident angle 
9 ic , the optical axis angle <p should be chosen as 



And the maximum incident angle 9\ 

91 



cos 



IS 



1 



1 + v 



(10) 



ymax 
ic 



Sill 



(77-1) 



(11) 



where 77 = e\\/e± is the anisotropy parameter. The variations of the optimal optical axis 
angle <p ov t and the maximum incident angle 9™ ax dependent on the anisotropy parameter 
T) are shown in Fig. 4, where we choose ej = e±fi. As an example by choosing YVO4 
crystal, we can obtain the optimal optical axis angle of ip opt = 46.57° and the corresponding 
maximum incident angle of 9™ ax = 13.48°. 

We can see that for a strongly anisotropy media, the maximum incident angle could be 
very large. If there were an anisotropic media satisfied with the condition (y/epl— y/e±JI) = 
y/e/, the maximum incident angle could be \9™ ax \ = 90°. When (^/ejf/I— ■s/^IJj) > y^i, the 
Eq. (jll)) is invalid and one still has |#™ aa: | = 90°. In our knowledge, no existing crystal can 
satisfy this condition. But we confide some artificial anisotropy media could be constructed 
by using new technique of liquid crystal, photonic crystal, etc, if it is worth in practice. 
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FIG. 4: The optimal optical axis angle <p op t and the maximum incident angle |#™ a:r | as a function 
of the anisotropy parameter 77, where y/ej = v /eTJt. 

IV. THE STRONGEST ANOMALOUS REFRACTION 

It is also worth noting the particular refractive angle (3 rc , which is the refraction angle of 
light when the incident angle is zero or k tx = 0. It represents the strongest negative refraction 
for anisotropic PIM or the strongest positive refraction for anisotropic NIM. This angle is 
also the particular incident angle of anomalous refraction when the light propagates from 
an anisotropic media toward an isotropic media. The phenomena of anomalous refraction 
at the interface from an isotropic NIM toward an anisotropic PIM or PIM and its analysis 
are similar. So does the anomalous refraction from an anisotropic media toward an isotropic 
media. 

The particular refractive angle (3 rc can be solved from Eq.(|5|) under the condition kt x = 0, 

i.e. 



P rc = tan 1 



(r) 2 — 1) sin ip cos if 



(12) 



cos^ <p + rj z sin <p 

It is also displayed as a function of the anisotropy parameter 77 and the optical axis angle (p. 
The dependence of the particular refractive angle \/3 rc \ on the optical axis angle <p for several 
typical anisotropic media is shown in Fig.3(b). The variations of particular refractive angle 
(3 rc are similar to that of the particular incident angle 9i C . To obtain the maximum of the 
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FIG. 5: The optimal optical axis angle ip' opt and the maximum bending angle (3™ ax as a function 
of the anisotropy parameter r\. 



particular refractive angle (3 rc , the optical axis angle ip should be chosen as 



v4* = cos 1 



is 



r] 2 + 1 



(13) 



and the maximum bending angle (5\ 

(3™* = tan" 1 



(v 2 



2rj 



(14) 



Unlike the maximum incident angle 0™ ax , the max bending angle [3™ ax is only dependent 
on anisotropy parameter 77 but independent on ej. The variations of the optimal optical axis 
angle ip' opt and the maximum bending angle (3™ ax dependent on the anisotropy parameter r\ 
are shown in Fig.5. Under the isotropic limit 77 = 1, (3™ ax = 0, which recovers the fact that 
no negative refraction can be observed at the interfaces between two isotopic PIMs, and no 
positive refraction between an isotropic PIM and an isotropic NIM. 



V. DISCUSSIONS AND CONCLUSIONS 



Theoretical investigation above indicates that the amphoteric refraction can be observed 
at a planar interface between an isotropic media and an anisotropic media. When certain 
conditions are satisfied, the interface between an isotropic PIM and an anisotropic PIM 

10 



(or NIM) can exhibit negative (or positive) refraction. It is worth noting the anomalous 
refraction phenomenon occurs only in a narrow range of incident angles for an anisotropic 
PIM. Even for a very strongly anisotropy parameter, i.e. (-/ept — ■ s /e±p) = y/ej, the incident 
angle is limited in the half planer, i.e. 0° < 6i < 90° or 0° > 9i > 90°. 

An intriguing phenomenon associated with the negative refraction that has generated 
considerable interest is partial focusing by an anisotropic NIM planar slab [2^, [2^. With 
the suitable arrangement of the optical axis and the appropriate selection of anisotropy 
parameter of the anisotropic NIM, the optimal focusing for anisotropic NIM as lens structures 
can be effectively obtained. Obviously the anomalous positive refraction may impair or 
weaken the focusing property. We do not expect that the negative refraction in an anisotropic 
PIM may obtain the same results. However, we believe that some potential applications can 
be derived based on the amphoteric refractive properties in anisotropic PIM or NIM. They 
can, for example, be used to provide bending, angular dispersion, energy filtering, and beam 
collimating for optical devices. 
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